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Abstract 

We clarify the structure of the Bazhanov-Baxter model of the 3-dim A^-state integrable 
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to find a candidate as a solution of the tetrahedron equation, and we find a new solution. 
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1 Introduction 



Though there are many solutions of 2-dim integrable statistical models, there are only a few 
solutions of 3-dim integrable statistical models. The first non-trivial example of a 3-dim 
integrable model was given by Zamolodchikov. [|l| This Zamolodchikov model is the two 
colors string scattering model, and Baxter p| reformulated the Zamolodchikov model into a 
2-state interaction around the cube model and completed the proof that the Zamolodchikov 
model satisfies the tetrahedron equation. 

After these pioneering works, there was little progress for some time until the work of 
Bazhanov and Baxter. Bazhanov and Baxter [Q gave the integrable A^-state interaction 
around the cube model, which is the A^-state generalization of the Zamolodchikov model. 
This Bazhanov-Baxter model is constructed from the two principles of i) interpreting the 2- 
dim s/(n)-generalized chiral Potts model [^, ^ as a projected 3-dim model, and ii) comparing 
the s/(n)-generalized chiral Potts model with the Zamolodchikov model. Bazhanov and 
Baxter have shown that two transfer matrices commute in their model. 

Later Kashaev et al. showed in a series of papers that the Baxter-Bazhanov solution 
really satisfies the tetrahedron equation. P, ^ We have checked their proof in detail. |§] 

In addition to these works, there are many interesting papers on the solutions of the 



tetrahedron equation. & M, O, 12, 13 



Despite these works, only a few solutions have been found to this time. In this situation, 
it will be necessary to find as many solutions as possible before we try to understand the 
mathematical structure behind the 3-dim integrable model. 

In this paper, we first clarify the structure of the Bazhanov-Baxter model and proposed 
two approaches to find a candidate as a solution of the tetrahedron equation, and we find a 
new solution. 



2 The structure of the Bazhanov-Baxter model 

We first review the formulation of the Bazhanov-Baxter model and give the condition of 
Kashaev et al., ^ which is a sufficient condition to satisfy the tetrahedron equation. Then 
we give an explicit form of the solution, 0, |^ which is parametrized by using the angles of 
spherical triangles. Next, we clarify the cubic symmetries of the Bazhanov-Baxter model in 
such a way that it gives a guiding principle to find a candidate as a solution of the tetrahedron 
equation. In addition to the cubic symmetries, the spherical trigonometry parametrization is 
the key to understand the structure of the Bazhanov-Baxter model. We give two approaches, 
i) one using cubic symmetries , and ii) an intuitive approach, to the spherical trigonometry 
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parametrization. 



2.1 Formulation of the Bazhanov-Baxter model 

Let us consider a simple cubic lattice and attach spin variables to the lattice points. These 
spin variables take the values 1, 2, ■ ■ • , A^, which we refer to an A^-state interaction around 
the cube model. The Boltzmann weight with the spin variables a - h on the cube is given 
by W{a\eJ,g\b, c,d\h). 
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Fig. 1 Spin assignment for the cube 
The partition function of this model is given by 

^ = E n Wia\e,f,g\b,c,d\h). (1) 

spins cubes 

The tetrahedron equation, which is the integrability condition of the 3-dim statistical 
model, is given in the form 



N 



^ W{a4\c2, ci, C3I61, 63, b2\d)W'{ci\b2, as, 6i|c4, d, C6I64) 



d=l 



N 



d=l 



xW"{bi\d, C4, C3|a2, 63, b4\c5)W"' {d\b2, 64, fealcs, C2, celai) 



^ W"'{bi\ci, C4, C3|a2, 04, a3\d)W"{ci\b2, as, a4\d, C2, cejai) 



xW'{a4\c2, d, C3\a2, 63, ai|c5)H^((i|ai, a^, a2|c4, C5, C6|fe4)- 



(2) 



The Boltzmann weight of the original Bazhanov-Baxter form, which we denote by Wq 
instead of H^, is given by 



Wo{a\eJ,g\h,c,d\h) = ^— ■ — , (3) 

w{x4, xu, xi\e, c + a)w{x3/uj, X23, X2I/, b + a) 

and w{x, y, z\k, I) is given by 

k-l „. 

w{x, y, z\k, I) = <!>{l)w{x, y,z\k-l) = $(/) J] ^ = - /), 



s=i -2 ~ a^t^ 



where $(/) = ^'('+^)/^ w = e^-/^. 



We impose the Fermat condition x^ + = on ?/, z|A;, /) to make this function 
w{x, y, z\k, I) periodic under k ^ k + N and I ^ I + N. 

If the above Bohzmann weight satisfies the tetrahedron equation, the simple Boltzmann 
weight 



Wi{a\e, f,g\b, c,d\h) 

^ y _a(-b-c+f,+h) ^{^3, Xi3, xi\d-h- a)w{x4, X24, X2\a-g-(j) 
~i w{x4,xi4,xi\e -c-a)w{xs/uj,X23,X2\f -b-a) 

also satisfies the tetrahedron equation, as can be shown with a simple calculation, and we 
use this form in this paper. 
We also use the notation 



where A{v) = (1 - 1;^)^/^. (5) 

This function w{v, I) automatically satisfies the periodicity condition w{v, I + N) = w{v, I). 
The connection between w{x,y,z\l) and w{v,l) is given by 

w{x, y, z\l) = {y/z)^w{x/z\l) = is} {x / z)w{x / z\l) = w{x/z,l). 
Using this function w{v, I), we rewrite the Boltzmann weight of Eq. (H) into the form 
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WMeJ\9\b,c,d\h) = ± ^-(^^-^+.+^) "(^3, d-h- aMv„ a - g - a) 

cr=l 



w{v4, e — c — a)w{v2, f — b — a) 



where = x^/xi, Vi = X4/X2, = x^/xi, V2 = x^/ujX2. 
Later, we use the formula 



w[v, —a) 



^{a)w{v, a) 



where v = — . 

UJV 



(6) 



(7) 



2.2 The Bazhanov-Baxter solution of the tetrahedron equation 

By direct calculation, 0, || it has been shown that the conditions 
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are sufficient for the Boltzmann weights Wi, W[, W", W[" to satisfy the tetrahedron equation. 

Using the angles 9i, 62 and 6^ and the arcs ai, 02 and 03 opposite to the angles of the 
spherical triangles, we parametrize as Wi = Wi{62,6i,6s). Similarly, we parametrize as 
Wi = WiiTT- ^6, 01, vr - ^4), Wi' = Wiie,, TT- 63,11- e,) and Wi" = W.iO,, ^2, ^e)- 

The angles 61 - 6q are not independent. Rather, they must satisfy one constraint condi- 
tion, i 



1 


— COS 61 


— COS 62 


— COS 6q 


— COS 9i 


1 


— COS 6*3 


— COS 64 


— cos 02 


— COS 6*3 


1 


— COS 6*5 


— COS 6*6 


— COS 6*4 


— COS 65 


1 



which comes from the condition that all four unit vectors fij (z = 1 - 4), which are perpen- 
dicular to the plane on which the large circles lie in 3-dim space are not independent but 
must satisfy detij{ni ■ Hj) = 0. 

The explicit spherical trigonometry parametrization of VI/"i(6'2, ^1, ^3) for the Bazhanov- 
Baxter model is given by || 



cosV^(gi/2) sinV^(gi/2) 
sinV^(^i/2)' a;V2cosV^(^i/2)' 
^ exp(-^a3/iV) sinV^(g2/2) ^ exp(-za3/iV) cos^/^(g2/2) 

cosViV(^2/2) ' o;i/2sinV^(^2/2) ' ^ ^ 

^ 1 exp(z/?3/iV)sinV^(g3/2) 

"^'^ cosi/A^(^i/2)sini/^(^i/2)' sini/^(^i/2)cosi/^(e2/2)' ^ ^ 

^ exp(-z/?2/iV) cosV^(g3/2) ^ exp(-^A/iV) cosV^(g3/2) 

"^'^ sinV^(^^i/2)sini/^(02/2) ' "^'^ 0.1/2 cosV^(0i/2) cosV^(e2/2) ' ^ ^ 

^ exp(^/?o/iV) sinV^(g3/2) ^ exp(-m3/iV) 

cui/2sinW(^^/2)cosV^(^i/2)' cosW(02/2) sinV^(^2/2) ' ^ ' 

where /?i = (-ai + 02 + 03)72, /?i = (ai - 02 + 03)72, /?3 = (oi + 02 - 03)72 and /3o = 
{2n - fli - 02 - 03)72. 

The parametrization of Wi, W" and Wi" is obtained from the parametrization of Wi 
by the replacements Wi = Wi{n - Oq, 61, n - 6^), W'l = WiiO^, 11-63,71- 6^) and W^' = 

wAe,,e2,ee). 
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2.3 The cubic symmetries of the Beizhanov-Baxter model 



Cubic symmetries are one of the essential points to understand the structure of the Bazhanov- 
Baxter model. We clarify the cubic symmetries in such a way as to give a guiding principle 
to find a candidate as a solution of the tetrahedron equation. Then, without restricting to 
the Bazhanov-Baxter model, we investigate the kind of relations that arise if we impose the 
cubic symmetries for the model. 

For the cube, on which the Boltzmann weight is assigned, we attach a spherical triangle 
with angles 6i, 62 and 63. We denote by ai, a2 and the arcs of the spherical triangle 
opposite to the angles 9i, 62 and 0^. We denote the Boltzmann weight of this cube as 
Wi{a\eJ,g\h, c,d\h; ^2,^1,^3)- 




Fig. 2 Spherical triangle for the cube 



The cubic symmetries are composed of the following p- and r-symmetries: 



p - symmetry : a, 6, c, d, e, f,g,h g, /, h, e, c, a, 6, d, 

01,02, 9s ^ n-9i,9s,n-92, 

01,02,03 TT - 01,03, TT - O2, (24) 

T - symmetry : o, b, c, d, e, f,g,h a, c, b, d, f, e, g, h, 

^1,^2,^3, — &2, 01,03, 

01,02,03, 02,01,03. (25) 
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Fig. 3 p-symmetry for the cube 
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Fig. 4 r-symmetry for the cube 

Strictly speaking, in order that the p-symmetry exists, we must multiply the original 
Boltzmann weight by the proper external spin dependent prefactor. The tetrahedron equa- 
tion is satisfied for the prefactor and for the original Boltzmann weight separately. 

In Eqs. (24) and (|25|) , we have used the following spherical trigonometry relations in 
order to know how ai, 02 and change under the discrete change of the di, 62 and ^3: 



cos(aj/2) 
sin(aj/2) 



cos {(gj -9k + 9i)/2} cos + ek + ei)/2} 

sin 9i sin Ou 



\ 



cos {(g, +ek + 9i)/2} cos {(% + 9k- 9i)/2} 
sin 9i sin 9k. 



{t^j=^k=^t = l,2,3) 
These come from the fundamental relations of the spherical trigonometry. 



(26) 
(27) 



cos 9i = — cos 9j cos 9k + cos sin 9j sin 9k, {i ^ j ^ k i = 1,2,3) 



(28) 
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COS tti = COS aj cos ak + cos 9i sin aj sin a/;, {ij^jj^kj^i = l, 2, 3) (29) 
sin^i _ sin 02 _ sin 6^ 
sinai sin 02 sin 03 

If the Boltzmann weight has the above cubic symmetries, we can rewrite the tetrahedron 
equation into the form [Q] 

N 

Wi{a4\c2, C3, ci|6i, 62, b3\d)Wl{a3\ci, cq, C4I&4, h, 

d=l 

xW{'{a2\ci, C3, C5I63, 64, bi\d)W["{ai\c5, Cg, C2I&2, h, h\d) 

N 

= J2 Wl"{bi\ci,C3,C4\a2,a3,a4\d)W{'{b2\c2,C6,Ci\a3,ai,ai\d) 

xW[{b3\c5, C3, C2\a4, ai, a2\d)Wi{b4\c4, cq, csjai, 02, 03]^). (31) 



d=l 



Then if we take ai = 61, 02 = 62, ^3 = ^3, ^4 = &4, ci = C5, C2 = C4 and C3 = ce, the 
tetrahedron equation is automatically satisfied; that is, if the cubic symmetries exist, A^^ of 
the N^'^ relations in the tetrahedron equation are automatically satisfied, so that if the cubic 
symmetries exist, it is quite likely that the tetrahedron equation is satisfied. Of course, there 
may exist a solution of the tetrahedron equation without the cubic symmetries. 

The full cubic symmetries, especially p-symmetry, are too restrictive, and it seems difficult 
to find a full cubic symmetric solution other than the Bazhanov-Baxter model. Thus we use 
a part of the cubic symmetries to give a guiding principle to find a candidate as a new 
solution. These symmetries have the properties = 1, = 1, (pr)^ = 1, and we use the 
special p^, r and (pr)^ cubic symmetries here, 
i) p"^ -symmetry 

Under p^-symmetry, the spin variables, the angles and the arcs change as 



a, 6, c,d,e, f,g,h 
6*1, O2, O3 

0-1, 0-2, 0-3 

and the Boltzmann weight changes as 



b,a,d,c, h,gj,e, 

6*1,7? - 02,71- 63 

ai, TT - a2, TT - 03, (32) 



N 

W^i(a|e, f,g\b,c,d\h- 62,6^,63) ^ 
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= (const) E ^^M-c+.+/.) "(;4,^-^-"H^^^ (33) 

where we have used Eq. (^. If we impose the cubic symmetries for the model, this trans- 
formed Boltzmann weight must be proportional to the original Boltzmann weight, that is. 
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1 






UJV3{7C 
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-63) 



vi{62,6i,63). 


(34) 


V2{62,6,,63), 


(35) 


V3{62,6l,63), 


(36) 


v,{62,6i,63). 


(37) 



These give 

ujv^{62, 6,, 63)^2(71 -62,6^,71-63) = !, (38) 

UJV3{e2, 61, 63)Vii7T -62,61,71- 63) = 1. (39) 

ii) T-symmentry 

Under r-symmetry, the spin variables, the angles and the arcs change as 

a,b,c,d,e, f,g,h a, c,b, d, f, e, g, h, 
61,62,63 62,61,63, 

01,02,03 02,01,03, (40) 
and the Boltzmann weight changes according to 



Wi{a\e,f,g\b, c,d\h; 62, 6^,63) 

. J2 ^M-b-c+a+h) Wivl d-h- a)w{v'l, a-g-a) 
a=i ^K> f -b- (T)w{v!i, e-c-a)' 

If we impose cubic symmetries for the model, this transformed Boltzmann weight must 
be proportional to the original Boltzmann weight; that is. 
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which give 



^1 =^1(^1,^2,^3) 



^ = ^^4(^1,^2,^3) 
^2 =^^2(^1,^2,^^3) 



^^3(^2,^1,^3), 
^^1(^2,^1,^3), 
^2(^^2,^1,^3), 
^^4(^2,^1,^3), 



Using Eqs. 



, (Pi, m 



and (|48|) , we can write Vi, V2, V4 with in the form 



^^i(^^2,^^i,^^3) = ^3(vr-^^i,7r-^^2,^3) 

^2(^2, ^1,^3)- ^ 



t^4(^^2,^^l,^^3 



1 

u;i;3(7r-6'2,6'i,7r-6'3)^ 



where ^3(6'!, 62, 9^)= V3{92, 9i, 93). 
iii) [prY -symmentry 

Under (pr) ^-symmetry, the spin variables, the angles and the arcs change as 

a,b,c,d,ej,g,h h, ej, g,b, c, d, a, 
91,92,9^, 91,92,9^, 

01,02,0-3 — > 01,02,03, 

and the Boltzmann weight changes according to 



(7=1 



w{v4, b — f — a)w{v2, c — e — a) 



(const) 



UJ 



w{v3, d — h — a)w{vi, a — g — a) 
w{vi, e — c — a)w{y2, f — b — a) 
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In the above, we have used the Star-Star relation of Eqs. (A. 17) and (A. 18) in the paper of 
Sergeev et al.,[10| and we have identified the spin variables mi = h—d, m2 = c—e, = g—a, 



m4 = b — f, n = — (— e — f + a + d),n = n — rui — + m2 + 7714 = —(—6 — c + g + h) in 
their formula. In the above, we can represent Vi as the function of Vi but we do not give the 
explicit form, as it is quite complicated. If we impose the cubic symmetries for the model, 
the last expression of Eq. (^) must be proportional to the original Boltzmann weight; that 
is, Vi = Vi, (2 = 1 ~ 4), which becomes equivalent to the condition |10 



ujv2{02, ei, 9s)v^ie2, 01, 9s) = eu 9^62, e,, 9^). 

Substituting Eqs. ( ^9]) - (0) into the above, we have 



UJV3{9i, 6*2, 93)V3{71 - 6*1, 7r - 6*2, 6^3) 

XV3{9,, n-92,7T- 93)V3{71 ~9^,92,7T- 9^) = 1, (54) 

where ^3(6*1, 6*2, 6^3)= V3{92, 9i, 6^3). 

In this way, even a part of the cubic symmetries gives a strong constraint on the functional 
forms of Vi, V2, V3 and v^. 

2.4 Spherical trigonometry parametrization (I) -approach using 
cubic symmetries - 

In addition to the cubic symmetries, the spherical trigonometry parametrization is also an 
essential point to understand the structure of the Bazhanov-Baxter model. 

Here, we give the approach using cubic symmetries for the spherical trigonometry parametriza- 
tion, which will give the principle to find the candidate of the solution of the tetrahedron 
equation. 

We can prove the following spherical trigonometry relation from Eqs. ( p8|) - (|30|) : 



cos(^i/2) cos(e2/2) - exp(-m3) sin(^i/2) sin(^2/2) 

= exp[z(ai + 02 - 03)72] sin(6'3/2). (55) 



Rewriting this relation into the form 
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exp(-ia3) sin(6'i/2) sin(6'2/2) exp[i(ai + 02 - az)/'A sin(6'3/2) _ 

cos(^i/2) cos(^2/2) cos(^i/2)cos(^2/2) ~ ' ^ ^ 

and noting the relation + A^(f ) = 1, we have the parametrization 

^ , X3 exp(-za3/iV) sinV^(gi/2) sinV^(g2/2) 
^3(^2, ^^1, ^3) - - - cosV^(^,/2)cosV^(^2/2) ' ^^^^ 

A / , /fl z) ^^ ^13 exp[z(ai + 02 - Q3)/2Ar] sin^/^(g3/2) , . 

Aivs{92, 9^, 9s)) = — = eosV^(^,/2)cosViV(^,/2) ' ^^^^ 

where we have taken the branch of the A^-th root properly. This functional form of f 3(^2, ^1, ^'3) 
satisfies the condition Eq. (|54D , which is the necessary condition for the cubic symmetries to 
exist for the model. 

Next, using the relation 



^,i92,9,,9s)=vsin-9^,n-92,9s), 
A(Si(^^2, 9^, 9s)) = A(t;3(vr -9,,n-92, 9^)), 

we have 

n ^4 exp(-^a3/iV) cosV^(gi/2) cosV^(g2/2) 
v^{92, 0u9s) = - = sinV^(0,/2)sinV^(^2/2) ' ^^^^ 

AiM92M)) = ^ = ^^P[^(2^-^i-^^-^3)/2iV]sinV"(g3/2) 
^ ^ ' X2 sini/^(ei/2)sini/^(e2/2) 

where we have use the fact that 02 — > tt — oi, ai — vr — 02, as — > 03 under 6'2 — > vr — ^1, 

^1 ^ TT - 92, 93 ^ ^3- 

Next, using the relation 



V2{92,9i,93) = — — 

UJV3{-K - 9i,92,1T- 93) 

(n n ^ ^^ _ Aiv3{Tr-9i,92,n-93)) 

/\{V2{92,9i,03}) - — — — 

uj^/^V3{Tr - 9i,92,TT- 93) 
= u^l^V2{92, 9,, 93)A{v3{n - ^i, ^2, vr - ^3), 
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we have 



~(n n ^3 ewHas/N) cosV^(gi/2) sinV^(g2/2) 

v.{e,, 0,^9,)-—-- ^V2sinV^(e,/2)cosViV(0,/2) ' ^^^^ 

. a;23 exp[-z(-ai + a2 + a3)/2iV] 003^^(^3/2) 

X2 sm ' {61/2) cos^/^ (^2/2) 

where we have used the fact that 02 — > vr — oi, ai ^ 02, 03 — ^ tt — 03 under 62 n — 9i, 
01 ^62,9,^71- 63. 

Next, using Eq. (^61), we have W4 (^2, 6*1, 6^3) = f 2(^1, ^2, 6*3), which gives 



Wfl ft ^ , _ _ exp(-m3/iV)sinV^(gi/2)cosV^(g2/2) 

^4(^^2, ^3) - - - ^1/2, ^,i/N^0j2)sin'/^ (62/2) ' ^^^^ 

A / , /fl exp[-i(ai - 02 + a3)/2Ar] cos^/^(g3/2) 

Xi cos^/^^ (t^i/2) sm ' (6'2/2) 

In Eq. (|19|), we have chosen the normahzation factor of xi in such a way that xi becomes 
Xi = cos^/^(^i/2)/ sin^''^(^i/2). Then Eqs. (pj|) - (^) give the parametrization of the 
Bazhanov-Baxter model. 



2.5 Spherical trigonometry parametrization (II) -intuitive approach- 



Here, we give the second approach, the intuitive approach, for the spherical trigonometry 
parametrization. In this approach, we do not assume any cubic symmetries for the model, 
and we give a guiding principle to find a candidate as a solution of the tetrahedron equation. 
In the next section, we give a new solution of the tetrahedron equation, where we use this 
intuitive approach. 

We start from the same spherical trigonometry relation, Eq. 



cos(0i/2) cos(^2/2) - exp(-m3) sin(^i/2) sin(02/2) 

= exp[i(ai + 02 - 03)72] sin(6'3/2), (65) 

and we parametrize as 
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xf = Ai cos(0i/2) cos(^2/2), (66) 
= Ai expi-ias) sin(^i/2) 3111(^2/2), (67) 
xfg = Ai exp[z(ai + as - 03)72] 3111(^3/2). (68) 

If there exi3t3 a 3pherical triangle with angle3 {61, 62, O3}, there al30 exi3t3 a 3pherical 
triangle with the angle3 {tt — 9i, ti — 6*2, 6*3}. Then, by replacing 9i —>■ n — 9i, 62 — 62, 
^3 ~^ ^3 in Eq. (|65|) , we have another form of the 3pherical trigonometry relation, 



3in(^i/2) 3in(02/2) - exp(-m3) co3(^i/2) 003(^2/2) 

= exp[z(27r - ai - 02 - a3)/2] 3in(^3/2). (69) 



Corre3ponding to the above relation, we parametrize a3 



X2 
3^4 



= A2 3in(ei/2)3in(^2/2), (70) 
_ =A2exp(-ia3)co3(0i/2) 003(^2/2), (71) 
■^4 = A2 exp[i(27r - ai - 02 - a3)/2] 3in(^3/2). (72) 



By replacing 61 61, 62 7^ — 02, ^3 tt — ^3, and further, taking the complex conjugate 
in Eq. (p5|), we have another form of the 3pherical trigonometry relation 



co3(^i/2) 3in(e2/2) + exp(-za3) 3in(^i/2) co3(e2/2) 

= exp[-i(ai -a2 + a3)/2] co3(e3/2). (73) 



Using this relation, we parametrize as 



xf = A3C03(ei/2)3in(^^2/2), (74) 
= -A3 expi-ta^) 3in(^i/2) co3(^2/2), (75) 
= A3 exp[-z(ai - 02 + a3)/2] 3in(^3/2). (76) 

By replacing 9i tt — Oi, 62 — > O2, O3 tt — 6*3, and further, taking the complex conjugate 
in Eq. (|65|), we have another form of the spherical trigonometry relation. 
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sm(^i/2) cos(02/2) + exp(-m3) cos(^i/2) sin(^2/2) 
= exp[— i(-ai + 02 + a3)/2] cos(6'3/2). 



(77) 



Using this relation, we parametrize as 



= A4sin(^i/2) cos(e2/2), 
= -A^expi-ias) cos(^i/2) sin(^2/2), 
X23 = A4exp[-i(-ai + 02 + a3)/2] cos(6'3/2). 



(78) 
(79) 
(80) 



If we take the overall factors to be Ai=l/ sin(^i/2) cos(^2/2), A2=—l/ cos(^^i/2) sin(^2/2), 
^3=1/ sin(6'i/2) sin(6'2/2) and ^4=— 1/ cos(6'i/2) cos(6'2/2), the expressions of , x^, x^ 
and x^ become consistent. Taking the branch of the A^-th root properly, we have the 
parametrization of the Bazhanov-Baxter model. 

3 A new solution of the tetrahedron equation 

The spherical trigonometry relation Eq. (|55D is the spin 1/2 representation in the SU{2) 
language. We use one of the fundamental relations of the spherical trigonometry relation 



which is the spin 1 representation in the SU{2) language. Using this relation, we parametrize 

as 



Eq. (m 



cos 61 COS 62 — sin 61 sin 62 cos 03 = — cos 6; 



(81) 



X 




.N 
1 



Bi cos 61 cos 6*2, 

B2 sin 9i sin 62 cos 03, 

— Bi cos 63, 



(82) 
(83) 
(84) 



and we have 



sin^/^^i sin^/^g2 cos^/^a3 
cosV^ 01 cosV^ 02 



(85) 
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If the cubic symmetries exist, V3 must satisfies the relation Eq. (|5^, but the above V3 
does not satisfy this condition. Then we must take a second intuitive approach to the 
spherical trigonometry parametrization and attempt to find a candidate as a solution of the 
tetrahedron equation. After we find the candidate as a solution, we must check whether it 
satisfies the condition of Kashaev et al. Eqs. (||) - (|T^). 

If we change the angles as {9i ^ n — 9i, 62 ^ n — 62, 6^ 6^}, or {61 ^ 9i, 62 ^ tt — 62, 
6*3 vr — ^3}, or {^1 — > vr — 6'i, 6*2 — > 62, 6*3 vr — 6*3}, they give the same spherical 
trigonometry relation Eq. (|8T|). Then we parametrize as follows: 

X2 = -B2 cos 6*1 cos 6*2, (86) 
i?2 sin 6^1 sin 6*2 cos 03, (87) 



X24 = -B2COS93, 

N 



Xf = S3COS^lCOS^2, (89) 

= -B3 sin 6'i sin 6'2 cosa3, (90) 

xf4 = -S3COS^3, (91) 
= 54COS^lCOSe2, (92) 

x^ = i?4 sin 6^1 sin 6*2 COS 03, (93) 

X^3 = -S4COS^3. (94) 

We take the normalization factor to be i?i = i?2 = -B3 = -B4 = 1, and we take the branch 
of the iV-th root in such a way as the {xi, Xij} satisfy the condition of Kashaev et al.. 
Then the parametrization of Wi = Wi{92, 9i, O^) is given by 

Xi=X2 = cos^/^ 01 cos^/^ 02, (95) 

^3 = 00x4 = sin^/^ 61 sin^/^ 62 cos^/^ 03, (96) 

X12 = X34 = 0, (97) 

2^13 = = X23 = X24 = uj^^'^ cos^/^ 63. (98) 

The Boltzmann weights are parametrized by the angles of the spherical triangle in the 
following way: Wi = 1^1(^2, ^1, ^3), W[ = Wi{tt - ^g, ^1, tt - 64), W[ = WiiO^, tx- 63,71- 64) 
and W^' = Wi{95, 62, Oq), so that we can obtain {x[, {x'-, x"j} and {x'-', x'-j} from {xj, x^} 
by the above replacement of angles. The explicit form is given in the following form: 

x[ =x'2 = cos^/^ 01 cos^/^ (tt - ^e), (99) 
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4 = ujx'^ = sin^/^ Oi sin^/^ (vr - ^e) cos^/^ 4, (100) 

a;'i2 = = 0, (101) 

= = = = COS^/^ (vT - 9^), (102) 

x;' = x'^ = cos^/^ (tt - ^3) cos^/^ ^5, (103) 

a;'3' = ujx'i = sin^/^ (tt - ^^3) sin^/^ ^5 cos^/^ (104) 

2^12 = 44 = 0, (105) 

^13 — ^lA — ^23 — ^4 — ^^^^ COS"*^^^ (tt — 64), (106) 

x'l' = x'^ = cos^/^ 62 cos^/^ ^5, (107) 

4" = ,;a;l" = sin^/^ 6^ sin^/^ ^5 cos^/^ 4", (108) 

3^12 = 41 = 0, (109) 

x'l'^ = x'l'^ = x'^ = = u^/^ cos^/^ 9,. (110) 



Substituting these relations, we can show that Eqs. (||) - (|T^) are satisfied in the following 
way: 



X2 
X3 

UJXi 

X13X24 



XIAX23 

14 -^23 1 



X13X24 



3^4 
^'3 



^3 
1 



X2 

X-y 



X 



X 



X 



_ _\_ 

^ ~ rf," 
X2 

■^14-^23 

13"'' 24 
in 
3_ 
III 



X 



X 



4 
I 

13-^24 
LUX\i^X2Z 



rylll rylll 



^ = 

Xi 

X34 _ 

ijJ^I'^Xi^ 
^\2^3A 
2^143^23 
^12^34 _ 
13"'' 24 

r" 

^ = 

X4 

^ = 

^3 



^12 

I 1 
X\ 

X 



12 

III ' 
Xi 

^12 

ryll ' 
X2 

nnll ^11 

■'''12-'''34 

// // ' 

13"'' 24 



/// 



X\ 
X4 



34 
/// ■ 



"''12"'' 34 



Next we consider Eqs. ([I^ ) - (p^. We rewrite these relations with x\^ x\ and a;*3. 
Eqs. ([T^) and (|T^ give the same relation, 



(111) 
(112) 

(113) 

(114) 

(115) 

(116) 

Then 



xxz x'^ x% x'C 

X3 "t'13 Xx Xy^ 



(117) 
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and Eq. (^) gives the relation, 



and Eq. (0) gives the relation 



Xi X^'i "''IS 



■^13 "t-S "''13 "''3 
■^3 -^-IS -^-S -^13 



1. 



In order for Eqs. (|117|) and (|118|) to be consistent, the condition 



a^3 



X'n 



must be satisfied. This gives 



cos^/^ ^1 COS^^^s 
sin^/^ ^1 sin^/^ ^2 cosV^ 

Taking the iV-th power, we have 



cosV^ cosV^ (tt - Qi) 
sin sin^/^ (vr — 6*6) cos-^/^ 03 



cos ^1 cos ^2 cos^i cos(7r — 6'6) 

sin Q\ sin 6'2 cos 03 sin Q\ sin(7r — ^g) "^os 03 



Substituting the spherical trigonometry relations 



cos 03 = 
COS % = 



COS 6*3 + COS d\ COS 6*2 

sin Qx sin ^2 ' 
(tt — ^4) + cos 6^1 cos (vr — 6^6 



cos I 



cos6'. 



into Eq. ( p,22| ), we have the constraint 



sin Q\ sin 
t + cos 6*1 cos 6*6 
sin 6*1 



6*1 sin 6^6 
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COS 02 COS 04^ = COS 03 COS 0q. (123) 

Next, in order for Eqs. ( |117D and ( |119D to be consistent, the following condition 



2C-^ *^ 1 



(124) 



must be satisfied. 

Taking the iV-th power, we have 



cosfyr — 0^) cos ^5 cos 0-) cos 6'^ 



sin (71 — 6*3) sin 0^ cos a'^ sin 02 sin 6*5 cos a'^ 
Substituting the spherical trigonometry relations 



(125) 



,, cos (tt — 04) + COS 6*5 COS (tt — 6*3 1 

COSCts = TTT 

smc's sm (tt — t/3j 

cos 04 + COS 6*5 COS 0^ 

sin 6*5 sin 6*3 



COSCI3 = ^^p- 

sm 02 sm t^5 



0111 1/5 0111 1/3 

cos 6*6 + COS 02 COS 6*5 
'■ 7\ '■ 7\ ' 



into Eq. (|125D, we have the same constraint as Eq. (|123D. Therefore, the relations given by 



Eqs. ([TT7|) - (|TT|) become equivalent to Eqs. (|T|) and (|T2|). While, the A^-th power of 
Eq. ([TT8|) is automatically satisfied by using Eq. (ID - (^^. In this way, Eq. (||) - ([l^) 
give one additional constraint, Eq. ( |123| ). 



Therefore, the parametrization of Eqs. (|95D - (|110|) and the additional constraints provied 
by Eqs. (0) and ( |123| ) give the solution of the tetrahedron equation. 



One of the non-trivial numerical examples is 0i = 1.188378, 02 = 1.399930, 0^ = 1.226731, 
04 = 1.839644, ^5 = 0.108534, 0g = 1.705095. AB= 1.225147, AC= 1.117028, BC= 
1.088198, AD= 1.307240, AE= 1.122042, DE= 1.128726, BF= 2.323531, DF= 2.348327, 
BD= 0.082093, CF= 1.235333, EF= 1.219601, CE= 0.103396. We can easily check the 
relations AB + BD=AD, AC + CE=AE, BC + CF=BF, DE + EF=DF, and the 
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fundamental spherical trigonometric relations, Eqs.(p8D - (pOD, for A ABC, AADE, ABDF 
and ACEF in this numerical example. 




Fig. 5 Angles and arcs on the sphere 

4 Summary 

We understand the 2-dim integrable statistical model well in the sense that we can system- 
atically construct many integrable statistical models and solve them to find the partition 
functions. However we have only a few 3-dim integrable statistical models, so that it will be 
necessary to find as many solutions before we investigate the mathematical structure of the 
3-dim integrable model. 

In this paper, we first clarified the structure of the Bazhanov-Baxter model of the 3-dim 
A^-state integrable model. There are the two essential points, i) the cubic symmetries, ii) 
the spherical trigonometry parametrization, to understand the structure of the Bazhanov- 
Baxter model. Next we proposed two approaches to find a candidate as a solution of the 
tetrahedron equation, and we found a new solution. 

Our solution may be useful for understanding the mathematical structure of the tetrahe- 
dron equation. There may exist another new solution that can be found by considering the 
higher spin representation of the spherical trigonometry relation. 
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